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Abstract
We show that every direct summand of a serial module M of finite Goldie dimension is serial,
give a description of the corresponding commutative monoid V (M), and generalize Facchini’s weak
Krull–Schmidt theorem to a larger class of modules.
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1. Introduction
The first part of this note contains an abstract axiomatic version of the weak Krull–
Schmidt theorem [3, Theorem 9.13] that holds not only for the class of biuniform modules,
but also for every class of modules whose endomorphism rings have exactly two maximal
right ideals. A different axiomatic approach to this kind of results was given in [1]. It is
known that a direct summand of a serial module of infinite Goldie dimension is not neces-
sarily serial [6]. In the second part of this paper we show that every direct summand of a
serial module of finite Goldie dimension is serial. This solves [3, Problem 9]. We use this
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dimension. In the final part of this paper, we extend our results obtained in Section 2 to any
an arbitrary class of modules whose endomorphism rings have finitely many maximal right
ideals and every maximal right ideal is two-sided. For these modules, a generalization of
the weak Krull–Schmidt theorem is still available. In particular, in case all the endomor-
phism rings have exactly n maximal right ideals, there is uniqueness of decomposition up
to n permutations (cf. [4, Sections 5 and 6]).
Let us briefly recall some notions from [3,4]. Let R be an associative unitary ring, let
M be a right R-module and let add(M) be the class of all R-modules isomorphic to direct
summands of direct sums Mn of finitely many copies of M . On the set V (M) formed by
the isoclasses of modules of add(M), define a monoid structure by [N]+ [N ′] = [N ⊕N ′].
If S is the endomorphism ring of M , then the functors HomR(M,−) : add(M) → proj − S
and − ⊗S M : proj − S → add(M) give an equivalence between the categories add(M)
and proj − S. Thus we have that the monoids V (M) and V (SS) are isomorphic. If S is
semilocal ring (i.e., the ring S/J (S) is semisimple), then V (S/J (S))  Nk0 for some k ∈ N
and the monoid V (S) can be fully embedded into Nk0. This means that there is an embedding
ϕ :V (S) → Nk0 such that for any a, c ∈ Imϕ and any b ∈ Nk0, the equality a+b = c implies
that b ∈ Imϕ. We say that A is a full submonoid of Nk0 if the inclusion A ⊆ Nk0 is a full
embedding.
An R-module U is uniserial if its submodules form a chain under inclusion. Serial
modules are direct sums of uniserial modules. We are interested in serial modules of finite
Goldie dimension, that is, finite direct sums of uniserial modules.
Let U be a uniserial module over a ring R. Set I = {f ∈ EndR(U) | f is not monic} and
J = {f ∈ EndR(U) | f is not epic}. Then I, J are two-sided completely prime ideals of
EndR(U). If I and J are comparable with respect to inclusion, then EndR(U) is local and
we say that U is of type 1. In the opposite case, I and J are the only two maximal right
ideals of EndR(U), and we say that U is of type 2 (see [3, Theorem 9.1]).
Let M,N be modules over R. We say that M and N have the same monogeny class
([M]m = [N]m) if there are monomorphisms f :M → N and g :N → M . We say that M
and N have the same epigeny class ([M]e = [N]e) if there are epimorphisms f :M → N
and g :N → M . If M and N are uniserial, then M  N if and only if [M]m = [N]m and
[M]e = [N]e (see [3, Proposition 9.3]).
2. Weak Krull–Schmidt theorem
In [4, Section 5] it was noticed that the weak Krull–Schmidt theorem for biuniform
modules is a consequence of the particular structure of the monoid V (B1 ⊕ · · · ⊕ Bn),
where B1, . . . ,Bn are biuniform modules. This idea can also be used for a more general
class of modules.
Let R be a ring and J its Jacobson radical. If f :M → N is a homomorphism, then
f :M/MJ → N/NJ will denote the homomorphism induced by f .
Lemma 1. Let P be a finitely generated projective module over a ring R. Let f be an
endomorphism of P such that f is an automorphism. Then f is an automorphism.
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g ∈ EndR(P ) such that fg = 1P , because P is projective. Now, the kernel of f is a direct
summand of P contained in PJ  P . So f is monic. 
Lemma 2. Let P be a finitely generated projective module over an arbitrary ring R. Then
the following conditions are equivalent:
(i) The ring EndR(P ) has exactly two maximal right ideals.
(ii) The module P/PJ is direct sum of two non-isomorphic simple modules.
Proof. (i) ⇒ (ii). Let M and N be any two different maximal submodules of P . Set E =
EndR(P ), I = {f ∈ E | f (P ) ⊆ M}, and J = {f ∈ E | f (P ) ⊆ N}. Let πM :P → P/M
be the natural projection and g :N → P/M the restriction of πM to N . Given any f ∈ E,
there is h :P → N such that πMf = gh. Then f = h+(f −h), where h ∈ J and f −h ∈ I .
So I +J = E, and I and J cannot be both contained in the same maximal right ideal of E.
Therefore P has exactly 2 maximal submodules. Now it is clear that P/PJ is a direct sum
of two non-isomorphic simple modules.
(i) ⇐ (ii). Let P/PJ = S1 ⊕ S2 with S1, S2 non-isomorphic simple modules. Let I =
{f ∈ EndR(P ) | f (S1 ⊕ S2) ⊆ S1}, J = {f ∈ EndR(P ) | f (S1 ⊕ S2) ⊆ S2}. Clearly, I, J
are two-sided ideals of E = EndR(P ). If f ∈ E \ (I ∪ J ), then f is an isomorphism and
hence f is invertible. The two ideals I and J are incomparable with respect to inclusion
because P is projective, and thus I and J are the only two maximal right ideals of E. 
Lemma 3. Let P,Q be finitely generated projective modules. Suppose that both E =
EndR(P ) and E′ = EndR(Q) have exactly two maximal right ideals and let P/PJ = S1 ⊕
S2, Q/QJ = S′1 ⊕ S′2, where S1, S2, S′1, S′2 are simple modules. Then S1  S′1 or S1  S′2
if and only if there are morphisms f :P → Q, g :Q → P such that gf (P/PJ ) = S1.
Proof. Let f ′ :S1 → S′1, g′ :S′1 → S1 be inverse isomorphisms. Since P,Q are projec-
tive, there are f :P → Q and g :Q → P such that f ′ ⊕ 0 = f and g′ ⊕ 0 = g. Then
gf (P/PJ ) = S1.
If S1 is not isomorphic to S′1 and S′2, then for any g′ :Q/QJ → P/PJ we must have
g′(Q/QJ) ⊆ S2. Let f :P → Q and g :Q → P . Then gf (P/PJ ) = gf (P/PJ ) ⊆ S2
and we are done. 
Remark 4. Let P,Q be finitely generated projective modules such that E = EndR(P )
and E′ = EndR(Q) have exactly two maximal right ideals. Then P/PJ = S1 ⊕ S2, where
S1, S2 are simple. Let I = {f ∈ E | f (P/PJ ) ⊆ S1} and J = {f ∈ E | f (P/PJ ) ⊆ S2}.
We saw that I, J are the only maximal right ideals of E. Moreover, S1 is isomorphic to a
direct summand of Q/QJ If and only if there are morphisms f :P → Q and g :Q → P
such that gf ∈ I \ J (or if and only if gf /∈ J ). Similarly, S2 is isomorphic to a direct
summand of Q/QJ if and only if there are morphisms f :P → Q and g :Q → P such
that gf ∈ J \ I (or if and only if gf /∈ I ). Therefore we have a connection between S1, S2
and the maximal right ideals of E.
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ring of every X ∈ C has exactly two maximal right ideals, IX and JX say. For any X ∈ C ,
let CX,IX = {N ∈ C | gf ∈ IX \ JX for some f :X → N,g :N → X} and CX,JX = {N ∈ C |
gf ∈ JX \ IX for some f :X → N,g :N → X}.
Let M = X1 ⊕ · · · ⊕ Xk , where X1, . . . ,Xk ∈ C. We know that there is an additive
equivalence F : add(M) → proj − S, where S = EndR(M) is a semilocal ring. Let J be
the Jacobson radical of S. It is well known that, for any X,Y ∈ add(M), X  Y if and
only if F(X)/F(X)J  F(Y )/F (Y )J as S- (or S/J -) modules. If X ∈ add(M), then the
endomorphism rings of XR and F(X)S are isomorphic. Thus if X ∈ add(M)∩ C , then the
endomorphism ring of F(X) has exactly two maximal right ideals and F(X)/F(X)J =
SIX ⊕ SJX . Here SIX is such that F(IX) = {f ∈ EndS(F (X)) | f (F (X)/F(X)J ) ⊆ SIX }
and similarly for SJX . Now, if X,Y ∈ add(M) ∩ C , then SIX  SIY or SIX  SJY if and
only if Y ∈ CX,IX (and, similarly, SJX  SIY or SJX  SJY if and only if Y ∈ CX,JX ). This
follows easily from Lemma 3, using the equivalence F .
Thus we have
Theorem 5. Let C,CX,IX,CX,JX be as above. Suppose X1, . . . ,Xk,Y1, . . . , Yl ∈ C . Then
X1 ⊕ · · · ⊕ Xk  Y1 ⊕ · · · ⊕ Yl if and only if |{i ∈ N | 1 i  k,Xi ∈ CK,IK }| = |{j ∈ N |
1  j  l, Yj ∈ CK,IK }| and |{i ∈ N | 1  i  k,Xi ∈ CK,JK }| = |{j ∈ N | 1  j  l, Yj ∈
CK,JK }| for every K ∈ {X1, . . . ,Xk,Y1, . . . , Yl}.
Proof. We apply the preceding observations and notation to M = X1 ⊕ · · · ⊕ Xk ⊕ Y1 ⊕
· · ·⊕Yl . Now, i = |{j ∈ N | 1 j  k,Xj ∈ CK,IK }| is the greatest integer such that SiIK is
a direct summand of F(X1 ⊕ · · · ⊕Xk)/F (X1 ⊕ · · · ⊕Xk)J (S). Thus the right hand side
of our equivalence is equivalent to F(X1 ⊕ · · · ⊕ Xk)/F (X1 ⊕ · · · ⊕ Xk)J (S)  F(Y1 ⊕
· · · ⊕ Yl)/F (Y1 ⊕ · · · ⊕ Yl)J (S). 
Example 6. Let C be a class of biuniform modules of type 2 over R. For any U ∈ C , let
IU = {f ∈ EndR(U) | f is not monic} and JU = {f ∈ EndR(U) | f is not epic}. Then
CU,IU is the class of biuniform modules of type 2 having the same epigeny class as U and
CU,JU is the class of biuniform modules of type 2 having the same monogeny class as U .
Thus this lemma is a generalization of the weak Krull–Schmidt theorem for biuniform
modules of type 2.
3. The monoid V (M) for a serial module of finite Goldie dimension
The next statement solves Problem 9 of [3].
Theorem 7. Any direct summand of a serial module of finite Goldie dimension is serial.
Proof. Let U1, . . . ,Un be non-zero uniserial modules and S = U1 ⊕ · · · ⊕ Un = M ⊕ N .
Let πi :S → Ui , πM :S → M and πN :S → N be the canonical projections. We claim that
either M or N contains a non-zero uniserial direct summand.
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Since they generate the couniform module Ui , at least one of them has to be equal to Ui .
So there is a non-zero uniserial module Ai such that Ai ⊆ N or Ai ⊆ M and πi(Ai) = Ui .
Since Ai is uniform, there is 1 si  n such that the restriction of πsi to Ai is a monomor-
phism. Set Vsi = πsi (Ai). Then Ai = {(f1(v), . . . , fn(v)) | v ∈ Vsi }, where fj :Vsi → Uj
are the homomorphisms given by fj = πj (πsi |Ai )−1. If πj induces an isomorphism of Ai
onto Uj , then Ai ⊕ (⊕k =j Uk) = S. So we can suppose i = si , Vsi = Usi and fi :Vsi → Ui
a non-monic epimorphism.
On the set {1, . . . , n}, we construct an oriented graph with exactly one arrow from si
to i for every 1  i  n. This graph must contain an oriented cycle. If there is an arrow
i → j , then there is a submodule A⊆ Ui with an epimorphism g :A→ Uj . It follows that
if there is an oriented path from a vertex i to a vertex j , then there is a submodule A ⊆ Ui
with an epimorphism g :A → Uj .
Without loss of generality, we can suppose that the arrow 1 → 2 belongs to some
oriented cycle in our graph. So there are a submodule W ⊆ U2 and an epimorphism
g :W → U1. Moreover, A2 = {(v, f2(v), . . . , fn(v)) | v ∈ V1}, and f2 :V1 → U2 is epic
and non-monic. Define X = {(g(w),w,u3, . . . , un) | w ∈ W,u3 ∈ U3, . . . , un ∈ Un}. Let
W ′ = f−12 (W) and let ι :W ′ → U1 be the inclusion. We want to show that S = X⊕A2. As
f2 is not monic and U1 is uniform, it follows that ι−gf2|W ′ is a monomorphism. From this
it easily follows that X∩A2 = 0. In order to prove that X+A2 = S, it is sufficient to show
that U1 ⊆ X + A2 and U2 ⊆ X + A2. As U1 is couniform, we infer that ι − gf2|W ′ is an
epimorphism, and thus U1 ⊆ A2 +X. Finally, U2 ⊆ A2 +X because f2 is an epimorphism.
Thus A2 is a direct summand of S contained either in M or in N .
Now, suppose there is a serial module of finite Goldie dimension having a non-serial
direct summand. Let S = U1 ⊕ · · · ⊕ Un be a module with this property and with Goldie
dimension as small as possible. Let S = M ⊕ N be a decomposition of S with M or N
non-serial. We can suppose that M = U ⊕ M ′, where U is a non-zero uniserial module.
Then there are i, j , 1 i < j  n, such that Ui ⊕Uj = U ′ ⊕ V , where U  U ′ and V is a
uniserial module (see [3, Proposition 9.5]). Assume, for example, i = 1, j = 2. Using the
cancellation property [3, Corollary 4.6], we get V ⊕ U3 ⊕ · · · ⊕ Un  M ′ ⊕ N . Then M ′
and N are serial, a contradiction. 
The next lemma is important for a description of the monoid V (M) of a serial module
M of finite Goldie dimension. It gives information about the images of [U ], U uniserial, in
the (canonical) full embedding of V (M) into Nk0. Another proof, using the description of
the endomorphism ring of a serial module of finite Goldie dimension, can be found in [4].
Recall that [U ]m ([U ]e) denotes the class of all right R-modules with the same monogeny
(epigeny) class of U .
Lemma 8. Let U1, . . . ,Un be uniserial modules of type 2 and M = U1 ⊕ · · · ⊕ Un. Let
X = {[U1]m, . . . , [Un]m} and Y = {[U1]e, . . . , [Un]e}. Then there is a full embedding of
V (M) into the free commutative monoid NX∪Y0 such that any non-zero uniserial module
U ∈ add(M) corresponds to (0, . . . ,0,1,0, . . . ,0,1,0, . . . ,0) ∈ NX∪Y0 , where the non-zero
components are exactly [U ]m and [U ]e.
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f is not monic} and JU = {f ∈ EndR(U) | f is not epic}. Let S = EndR(M) and let F be
the additive equivalence of add(M) into proj − S. As we saw, for any U ∈ add(M) ∩ C
one has that F(U)/F(U)J (S) = SU,I ⊕ SU,J , where F(IU ) = {f ∈ EndS(F (U)) |
f (F (U)/F(U)J (S)) ⊆ SU,I } and F(JU ) = {f ∈ EndS(F (U)) | f (F (U)/F(U)J (S)) ⊆
SU,J }.
First, let U,U ′ ∈ add(M)∩ C be isomorphic R-modules. Then there is an isomorphism
α :F(U) → F(U ′) such that α−1F(IU ′)α = F(IU ) and α−1F(JU ′)α = F(JU ). If f ∈
EndS(F (U ′)), then Imα−1f α ⊆ SU,I if and only if Imf ⊆ α(SU,I ). So α induces an
isomorphism between SU,I and SU ′,I . In the same way, we can prove that α induces an
isomorphism between SU,J and SU ′,J .
Let U,V ∈ add(M)∩C . Suppose that SU,I  SV,J . Then [U ]e = [V ]e and also [U ]m =
[V ]m, as noted in Example 6. But then U  V , and so SU,I  SV,I . This is a contradiction,
because SV,I and SV,J are not isomorphic.
It remains to prove that [U ]m = [V ]m implies SU,J  SV,J and [U ]e = [V ]e implies
SU,I  SV,I . Suppose that [U ]m = [V ]m and SU,J is not isomorphic to SV,J . But SU,J
is isomorphic either to SV,I or to SV,J , and we have a contradiction. Now ϕ :V (M) →
V (S/J (S))  NX∪Y0 given by ϕ([N]) = [F(N)/F(N)J (S)] is the desired embedding (see
[5, Lemma 2.2]). 
In the sequel, we identify V (M) with a full submonoid of NX∪Y0 using the embedding
of Lemma 8. If i ∈ X and j ∈ Y , then ei,j denotes the element of NX∪Y0 having 1 in the i
and j components and 0 in the other components. For example, [U ] = e[U ]m,[U ]e for any
[U ] ∈ V (M) with U non-zero uniserial.
In the notation of Lemma 8, define a graph G(M) as follows: the set of vertices is
exactly the disjoint union X∪Y , and there is an edge between x ∈ X and y ∈ Y if and only
if there is a uniserial module U in add(M) having [U ]m = x and [U ]e = y .
Remark 9. If [V ] ∈ V (M) is of the form ei,j for some i ∈ X and j ∈ Y , then V is a
uniserial module. In order to see this, notice that V is proper direct summand of U ⊕ U ′
for some uniserial modules U,U ′, so V is uniform. Thus V can be embedded into U
or U ′. It follows that there is a bijective correspondence between the edges of G(M) and
the elements of V (M) that are of the form ei,j for some i ∈ X and j ∈ Y .
Lemma 10. Every connected component of G(M) is a complete bipartite graph.
Proof. Let x ∈ X and y ∈ Y be vertices of G(M) such that there is a path from x to y . Let
h1, . . . , h2k+1 be such a path. Let eil ,jl denote the element of V (M) corresponding to hl for
1 l  2k+1. Then ei1,j1 + ei3,j3 +· · ·+ ei2k+1,j2k+1 = ex,y + ei2,j2 + ei4,j4 +· · ·+ ei2k ,j2k .
Hence ex,y ∈ V (M). 
Let C1, . . . ,Ck be the connected components of the graph G(M). Each c ∈ X∪Y gives
a canonical projection πc :NX∪Y0 → N0. For any 1  i  k, define fi :NX∪Y0 → N0 and
gi :N
X∪Y → N0 by fi =∑c∈X∩C πc and gi =
∑
c∈Y∩C πc. It is easy to see that e ∈ NX∪Y0 i i 0
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of V (M).
Example 11. Let G be a finite graph such that any connected component of G is a complete
bipartite graph. Then G has a representation as G(M) for some direct sum M of uniserial
modules of type 2.
If G is a complete bipartite graph we can use Facchini’s example (see [3, Exam-
ple 9.20]). Let p,q be different prime numbers, and Zp,Zq the localizations of the ring of
integers at these primes. Let R = Rp,q,n be the subring


Zp Zp . . . Zp 0 0 . . . 0
pZp Zp . . . Zp 0 0 . . . 0
...
pZp pZp . . . Zp 0 0 . . . 0
Q Q . . . Q Zq Zq . . . Zq
Q Q . . . Q qZq Zq . . . Zq
...
Q Q . . . Q qZq qZq . . . Zq


of M2n(Q).
Over this ring it is possible to find n2 uniserial modules Ui,j ,1  i, j  n, all of them
of type 2, satisfying [Ui,j ]m = [Uk,l]m if and only if i = k, and [Ui,j ]e = [Uk,l]e if and
only if j = l. If n is big enough, it is possible to represent G using Ui,j . For example,
if we want to represent the complete bipartite graph B3,2, we can take n = 3 and M =⊕
1i3,1j2 Ui,j .
If G has two connected components, then we can take four different primes p,q,p′, q ′.
Let n be number of vertices of G, and let R = Rp,q,n × Rp′,q ′,n. In the same way as
in the previous case, we construct uniserial modules Ui,j ,U ′i,j ,1  i, j  n, of type 2
such that [Ui,j ]m = [Uk,l]m if and only if i = k, [Ui,j ]e = [Uk,l]e if and only if j = l,
[U ′i,j ]m = [U ′k,l]m if and only if i = k, and [U ′i,j ]e = [U ′k,l]e if and only if j = l, and such
that G(
⊕
i,j Ui,j ⊕
⊕
i,j U
′
i,j ) has two connected components. Now, erasing some modules
if necessary, we can represent G.
If G has more than two connected components, we can proceed similarly.
Of course, the rows of the matrix ring give uniserial projective modules. So Rp,q,n has
at least n pairwise non-isomorphic uniserial modules of type 1.
Let us formulate the results of this section in
Theorem 12. Let M be a serial module of finite Goldie dimension. Then there exist l, k ∈
N0 and non-empty finite pair-wise disjoint sets X1, Y1, . . . , Xk , Yk with the following
property. Let B = Nl0 × NX10 × NY10 × · · · × NXk0 × NYk0 , and for every 1  i  k let fi =∑
x∈Xi πx and gi =
∑
y∈Yi πy , where πx,πy :B → N0 denote the projections given by
x, y . Then the commutative monoid V (M) is isomorphic to the submonoid {b ∈ B | fi(b)=
gi(b) for every 1 i  k} of B .
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Goldie dimension.
Proof. We only have to notice the following fact: If U1, . . . ,Uk,Uk+1, . . . ,Un are uniserial
modules such that U1, . . . ,Uk are pairwise non-isomorphic uniserial modules of type 1 and
Uk+1, . . . ,Un are uniserial modules of type 2, then V (U1 ⊕ · · · ⊕ Un)  Nk0 × V (Uk+1 ⊕· · · ⊕ Un). This follows from a more general claim: If M = A ⊕ N , where A has a local
endomorphism ring and M has a semilocal endomorphism ring, then V (M)  N0 × X,
where X is the submonoid of V (M) formed by the isoclasses of the modules not containing
a direct summand isomorphic to A. 
4. A generalization of the weak Krull–Schmidt theorem
In this section we generalize some ideas of Section 2.
Lemma 13. The following conditions are equivalent for a finitely generated projective
module P over a ring R:
(i) EndR(P ) has n maximal right ideals and each maximal right ideal is two-sided.
(ii) P/PJ is a direct sum of n pairwise non-isomorphic simple modules.
Proof. (i) ⇒ (ii). Let E = EndR(P ). We saw in the proof of Lemma 2 that P has at most
n maximal submodules. Let M1, . . . ,Mm be the maximal submodules of P . Then P/PJ
is isomorphic to a submodule of P/M1 ⊕ · · · ⊕P/Mm . So P/PJ = S1 ⊕ · · · ⊕ Sk , where
S1, . . . , Sk are simple modules. Suppose f :S1 → S2 and g :S2 → S1 are mutually inverse
isomorphisms. We know that I1 = {f ∈ E | f (P/PJ ) ⊆ S2 ⊕ · · · ⊕ Sk} and I2 = {f ∈
E | f (P/PJ ) ⊆ S1 ⊕ S3 ⊕ · · · ⊕ Sk} cannot be contained in the same maximal right ideal
of E because I1 + I2 = E. Let h ∈ E be such that h = f ⊕ g ⊕ 1S3 ⊕ · · · ⊕ 1Sk . The
homomorphism h is an isomorphism and hence h is an invertible element of E. Clearly,
hI1 ⊆ I2, and so I1 ⊆ h−1I2, and we have a contradiction, because all the maximal right
ideals of E are two-sided. Thus S1, . . . , Sk are pairwise non-isomorphic.
It remains to prove that k = n. Clearly, EndR(S1 ⊕· · ·⊕Sk) has exactly k maximal right
ideals. But this ring is factor of E modulo the superfluous ideal I = {f ∈ E | f (P ) ⊆ PJ }.
(ii) ⇒ (i). Suppose that P/PJ = S1 ⊕ · · · ⊕ Sn, where the Si are pairwise non-
isomorphic simple modules. Then the ring EndR(P/PJ ) has exactly n maximal right
ideals and each maximal right ideal is two-sided. This ring is a factor of E modulo a
superfluous ideal as we have seen. Thus (i) holds. 
Lemma 14. Let P,Q be finitely generated projective modules over a ring R. Suppose that
EndR(P ) and EndR(Q) have finitely many maximal right ideals and each maximal right
ideal is two-sided. Let P/PJ = S1 ⊕ · · · ⊕ Sn be a decomposition of P/PJ into a direct
sum of simple modules. Then S1 is isomorphic to a direct summand of Q/QJ if and only
if there are morphisms f :P → Q and g :Q→ P such that gf (S1) = 0.
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Let P be a finitely generated projective module such that the ring E = EndR(P ) has
n maximal right ideals and each maximal right ideal of E is two-sided. If P/PJ = S1 ⊕
· · ·⊕Sn is a decomposition of P/PJ into a direct sum of simple modules, then the maximal
right ideals of E are the Ii = {f ∈ E | f (Si) = 0}. Thus, as in Section 2, we get
Theorem 15. Let C be a class of modules over an arbitrary ring R such that for any M ∈ C
the ring EndR(M) has finitely many maximal right ideals and each maximal right ideal of
this ring is two-sided. For every M ∈ C and every maximal right ideal I of EndR(M), set
CM,I = {N ∈ C | there are f :M → N and g :N → M such that gf /∈ I }.
Let X1, . . . ,Xn,Y1, . . . , Ym ∈ C . Then X1 ⊕ · · · ⊕ Xn  Y1 ⊕ · · · ⊕ Ym if and only
if |{i ∈ N | 1  i  n,Xi ∈ CM,I }| = |{j ∈ N | 1  j  m,Yj ∈ CM,I }| for every M ∈
{X1, . . . ,Xn,Y1, . . . , Ym} and every maximal right ideal I of EndR(M).
To make this statement more similar to the weak Krull–Schmidt theorem, we have to
add some further assumptions:
Corollary 16. Let C be a class of modules over an arbitrary ring R such that for every
M ∈ C the ring EndR(M) has exactly n maximal right ideals, each maximal right ideal
of this ring is two-sided, and there exists an enumeration of the maximal right ideals
IM,1, . . . , IM,n of EndR(M) such that for any 1 i  n the classes CM,i = CM,IM,i ,M ∈ C
form a partition of C . If X1, . . . ,Xk,Y1, . . . , Yl ∈ C , then
X1 ⊕ · · · ⊕Xk  Y1 ⊕ · · · ⊕ Yl
if and only if k = l and there exist permutations π1, . . . , πn ∈ Sk such that CXj ,i = CYπi (j),ifor any 1 i  n and any 1 j  k.
Proof. Fix 1 i  n. Since the CM,i ’s form a partition of C , each Xj is in a unique CM,i
and CM,i = CXj ,i . If X1 ⊕ · · · ⊕Xk  Y1 ⊕ · · ·⊕ Yl , then for any M ∈ C the number of Xj
belonging to CM,i is equal to the number of Yj belonging to CM,i . Thus k = l and we can
find the permutations πi with the required properties.
For the converse, it is enough to notice that Xj ∈ CM,i if and only if CXj ,i = CM,i . 
We conclude this paper with a generalization of [2, Lemma 2.1] to the class of modules
considered in this section.
Lemma 17. Let M be a module over an arbitrary ring R. Suppose EndR(M) has only
finitely many maximal right ideals and each maximal right ideal of this ring is two-sided.
If N is an R-module such that M is isomorphic to a direct summand of N ⊕N , then M is
isomorphic to a direct summand of N .
Proof. Using the additive equivalenceF : add(M⊕N) → proj−EndR(M⊕N), it suffices
to show that if P,Q are finitely generated projective modules over a ring S, the module
P. Prˇíhoda / Journal of Algebra 281 (2004) 332–341 341P/PJ (S) is a direct sum of finitely many pairwise non-isomorphic simple modules and P
is isomorphic to a direct summand of Q⊕Q, then P is a direct summand of Q.
Let P/PJ (S) = S1 ⊕ · · · ⊕ Sn be a decomposition as a direct sum of simple modules.
The module P/PJ (S) is isomorphic to a direct summand of Q/QJ(S)⊕Q/QJ(S). Since
the simple modules are pairwise non-isomorphic, it is easy to see that P/PJ (S) is isomor-
phic to a direct summand of Q/QJ(S). So there are morphisms f :P → Q and g :Q→ P
such that gf = 1P/PJ (S). Now, it is enough to use Lemma 1. 
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